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We propose a heuristic for finding base order quantities for stochastic inventory models. The heuristic includes two steps.
The first clusters the stages according to cost parameters. The second solves a single-stage problem for each cluster with
the original problem data. In a numerical study, we show that the heuristic is near optimal.
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1. Introduction
Consider a continuous-review, serial inventory system with
N stages. Material flows from stage N to stage N − 1,
N − 1 to N − 2, etc., until stage 1, where stationary com-
pound Poisson demand occurs. Let � and 	 denote the
demand rate and the mean of demand size, and D�t denote
the demand over a time interval t. There is a constant lead
time Lj for stage j . Define L̃i =

∑i
j=1Lj . Inventory is con-

trolled by echelon-stock �R�nQ� policies. That is, for each
stage j , as soon as the echelon inventory-order position
(inventory on order+ inventory on hand+ inventory at or
in transit to all downstream stages − backorders) is at or
below the reorder point Rj , an order of the smallest integer
multiple of base quantity Qj is placed to raise the inven-
tory position above Rj . We assume that base quantities
satisfy integer-ratio constraints, i.e., Qj = qjQj−1, qj ∈ �+,
j = 2� � � � �N , where �+ denotes the set of positive inte-
gers. There is a linear echelon holding cost with rate hj for
stage j . Unsatisfied demand is fully backlogged and incurs
a linear penalty cost with rate b. Define h′j =

∑N
i=j hi as the

local holding cost rate for stage j . A fixed order cost kj
occurs for each base quantity Qj ordered. The objective is
to minimize the long-run average systemwide cost.

When demand is deterministic, it is well known that
there exists a simple heuristic that guarantees a 94% effec-
tive policy, i.e., the cost of this heuristic policy is at most
about 6% more costly than any feasible policy. This heuris-
tic includes two steps. The first step is to identify clusters
by using cost ratios. (A cluster is a set that includes consec-
utive stages; see a formal definition below.) The second step
solves an economic order quantity (EOQ) problem for each
cluster. A heuristic policy is then obtained by converting
these EOQ solutions into integer-ratio order quantities. One

well-known integer-ratio solution is the so-called “power-
of-two” policy (e.g., Maxwell and Muckstadt 1985, Roundy
1985, and Federgruen et al. 1992). We refer the reader to
Zipkin (2000) for a detailed discussion of the deterministic
model and the power-of-two policy.

In the stochastic demand model, however, finding effec-
tive base order quantities is more involved. The difficulty
comes from the fact that, unlike the deterministic model,
the objective function (the average total cost) is not a
sum of separable, convex functions of control variables.
To resolve this, Chen and Zheng (1998) construct cost
bounds to replace the average total cost in the objective
function. These cost bounds are a sum of separable func-
tions of base quantities. Thus, a standard clustering algo-
rithm (e.g., Maxwell and Muckstadt 1985) can be applied to
find the optimal solution for these revised problems. They
propose heuristics by converting these optimal solutions to
power-of-two base quantities.

The objective of this note is to propose a new heuristic
that employs the same steps as the heuristic for the deter-
ministic model. As we shall see, this heuristic outperforms
the existing ones in a numerical study.

2. The Heuristic
This heuristic includes two steps, clustering and minimiza-
tion. In the clustering step, the stages are grouped into
disjoint clusters �c�1�� c�2�� � � � � c�M�� according to cost
ratios. (Let S = �1�2� � � � �N �. For any i� j ∈ S with i� j ,
the set �i� i + 1� � � � � j� is called a cluster.) Specifically,
define

h�m= ∑
i∈c�m�

hi� h′�m= ∑
i∈c�m�

h′i� and k�m= ∑
i∈c�m�

ki�

These clusters satisfy the following two conditions:
(i) k�1/h�1 < · · ·< k�M/h�M,
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(ii) for each cluster c�m� = �l1� � � � � l2�, there does
not exist an l with l1 � l < l2 so that k�m−/h�m− <
k�m+/h�m+, where c�m−� = �l1� � � � � l� and c�m+� =
�l+ 1� � � � � l2�.

Through a two-dimensional diagram suggested by Zipkin
(2000), the above clusters �c�1�� c�2�� � � � � c�M�� can be
conveniently identified.

In the minimization step, we solve a single-stage prob-
lem for each cluster c�m� sequentially, starting with m= 1.
In each problem, the solution of base quantity Qc�m� is
restricted to be an integer multiple of Qc�m−1�, m� 2. We
consider two variants of such single-stage problems.

Variant 1
Qc�m� is the solution of the following problem:

minQ

{
�	k�m+∑Q

x=1G
!
c�m��R

!�Q�+ x�
Q

}

s.t. Q= qQc�m−1�� q ∈ �+� m> 1�

(1)

where

R!�Q�= argmin
y

{ Q∑
x=1

G!c�m��y+ x�
}
�

G!c�m��y�=
∑
i∈c�m�

G!i �y��

and

G!i �y�= E
[
hi�y−D�L̃i�+ �b+h′i��y−D�L̃i�−

]
� (2)

Variant 2
Suppose that c�m� contains stages i, i ∈ �v� v+ 1� � � � � v+
n�m�− 1�. Alternatively, Qc�m� is the solution of the fol-
lowing problem:

minQ

{
�	k�m+∑Q

x=1Gc�m��R�Q�+ x�
Q

}

s.t. Q= qQc�m−1�� q ∈ �+� m> 1�

(3)

where

R�Q�= argmin
y

{ Q∑
x=1

Gc�m��y+ x�
}

and

Gc�m��y�= E
[
h�m�y−D�L̃v+n�m�−1�

+ �n�m�b+h′�m��y−D�L̃v+n�m�−1�
−]�

The Qc�m� is solved sequentially, starting with m = 1.
Then, set Qsi = Qc�m� for i ∈ c�m�; these are the heuristic
base quantities. The corresponding heuristic reorder points
(Rs1� � � � �R

s
N ) are found by using the algorithm for finding

optimal echelon reorder points in Chen (2000).
We briefly describe the derivation of the heuristic.

A detailed discussion can be found in Shang (2004). We

first decouple the total average cost into each stage by using
the induced penalty functions (the penalty cost charged to
each upstream stage for holding inadequate stock). The
decoupled cost function for stage j is then replaced by
G!j �·� defined in (2). Consequently, we solve a revised prob-
lem, in which the objective function is a sum of N sep-
arable convex functions subject to the relaxed constraints
Qj �Qj−1, j � 2.

Consider any partition of stages for the revised prob-
lem. Suppose that the resulting clusters are �c�1��
c�2�� � � � � c�Z��. An important observation is that the opti-
mal common base quantity Qc�z� for the cluster c�z�, z=
1� � � � �Z, is close to the optimal base quantity 
Qz solved
from a single-stage �R�nQ� system, referred to as the
mapping system. This mapping system has the following
cost parameters: holding cost rate h�z, backorder cost rate
b�z

def= �n�z�b + h′�z − h�z�, and fixed order cost k�z,
where n�z� is the number of stages in c�z�. The following
theorem shows that 
Qz increases in k�z/h�z with (�z

def=
b�z/�b�z+h�z� fixed.

Theorem 1. For a single-stage �R�nQ� system with hold-
ing cost h, backorder cost b, and fixed order cost k, the

optimal base order quantity increases in k/h with (
def=

b/�b+h� fixed.
From Theorem 1, if we want to use k�z/h�z to deter-

mine the order relation of 
Qz, (�z and the lead times in
these Z mapping systems must be equal. In our numerical
experience, we find that (�z are similar when b is large
and the lead time seems to have little impact on Qz. For
approximation purpose, we simply assume that the condi-
tion holds. Because 
Qz is close to Qc�z�, we may use the
cost ratios to identify the clusters for the revised problem.

The heuristic is then derived in a reverse order: we first
use the cost parameters hj and kj to identify the clus-
ters. In the minimization step, Equations (1) and (3) cor-
respond to the sum of C!j functions in a cluster and the
average total cost of the mapping system, respectively.
Finally, for the deterministic model, Shang (2004) finds that
the heuristic solution obtained from the bottom-up mini-
mization approach performs, on average, better than the
power-of-two heuristic. This motivates us to use the same
approach in the minimization step.

3. Numerical Study
We conduct three groups of numerical study.

Group 1. We test the effectiveness of the two vari-
ants, using optimal costs as a benchmark (see Chen and
Zheng 1998 for an optimization algorithm). The system
parameters are N = 3, b = 10�50, hj = 0�1�1, Lj = 0�5�2,
kj = 10�100, for j = 1�2�3. Demand is Poisson with rate
� = 5. The total number of instances is 1,024. We also
consider a heuristic that uses base quantities obtained from
the corresponding deterministic model by applying the
clustering and minimization steps mentioned above. (The
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Table 1. Performance summary for Variant 1, Variant 2,
and the EOQ heuristic in Group 1.

The EOQ
Variant 1 Variant 2 heuristic

b= 10 b= 50 b= 10 b= 50 b= 10 b= 50

0% 193 309 137 307 31 5
(0.0%, 0.5%] 262 157 316 153 378 350
(0.5%, 1.0%] 25 26 24 30 57 128
(1.0%, 1.5%] 12 8 11 10 6 15
(1.5%, 2.0%] 4 4 6 4 6 6
(2.0%, 2.5%] 8 0 10 0 20 0
(2.5%, 3.0%] 0 1 0 1 6 4
3.0% above 8 7 8 7 8 4

Average (%) 0.21 0.13 0.24 0.14 0.41 0.40

total cost for nested, stationary policies in the determinis-
tic model with backorders is derived in Chen 1998.) We
again use Chen’s (2000) algorithm to find the correspond-
ing reorder points. Call this approach the EOQ heuristic.
Define the percentage error for a heuristic as

error%= �heuristic cost− optimal cost�100%
optimal cost

�

Table 1 summarizes the performance of both variants
and the EOQ heuristic. The numbers from row 3 to row
10 under each of the heuristic approaches are the distribu-
tion of the percentage error for the 512 instances with a
specific b value. For example, when b = 50, there are 157
instances whose percentage errors fall in (0%�0�5%] by
using the Variant 1 approach. Remarkably, Variants 1 and 2
generate the optimal solution in 502 and 444 instances,
respectively. The average (maximum) percentage errors for
Variant 1 and Variant 2 are 0.17% (4.77%) and 0.19%
(4.77%). We observe that when b= 10, each variant gener-
ates fewer optimal solutions. On the other hand, although
the EOQ heuristic generates the optimal solution in only 36
instances, its average performance is quite effective—the
average (maximum) percentage error is 0.40% (5.92%).

Group 2. We use Variant 1, the best heuristic, to com-
pare the heuristic developed by Chen and Zheng (1998).
We consider the same instances as those in Tables 1 to 4
of Chen and Zheng (1998)—in particular, the demand
is Poisson (compound Poisson) for the 40 instances in
Tables 1 and 3 (Tables 2 and 4). Table 2 shows the aver-
age percentage error for our heuristic cost and Chen and
Zheng’s heuristic cost, using the optimal cost as a bench-
mark. The numbers in parentheses denote the number of

Table 2. Performance summary of the heuristics for the
instances in Tables 1–4 of Chen and Zheng
(1998).

Table 1 Table 2 Table 3 Table 4

Variant 1 0�28% �8� 0�44% �2� 0�15% �12� 0�20% �3�
Chen and Zheng 1�71% �0� 0�64% �0� 1�76% �1� 1�42% �0�

Table 3. The effect of echelon holding cost reduction
on the optimal cost.

Optimal Variant 1
k1 k2 k3 L1 L2 L3 cost heuristic cost

10 10 10 1 1 1 79�89 80�03
1 1 0�1 48�37 48�38
1 0�1 1 60�66 61�06
0�1 1 1 79�89 80�03

10 10 100 1 1 1 99�48 99�48
1 1 0�1 54�99 54�99
1 0�1 1 78�22 78�22
0�1 1 1 90�15 90�25

10 100 10 1 1 1 102�96 103�14
1 1 0�1 67�76 67�76
1 0�1 1 78�22 78�22
0�1 1 1 92�48 92�48

100 10 10 1 1 1 104�90 104�97
1 1 0�1 71�67 71�68
1 0�1 1 82�37 82�37
0�1 1 1 92�48 92�48

optimal solutions found by using the corresponding heuris-
tic. The result shows that our simple heuristic outperforms
Chen and Zheng’s heuristic.

Group 3. We verify the effectiveness of the Variant 1
heuristic when N increases. We compare our heuristic cost
with the best lower-bound cost developed by Chen and
Zheng (1998) for N = 2�4�8�16�32, and 64. We test two
different scenarios. The first scenario has the following
parameters: � = 1, b = 320, kj = 100, hj = 1, Lj = 1. In
the second scenario, we fixed total lead time equal to 16,
h′1 = 16 with a total fixed order cost of 64 (i.e., Lj = 16/N ,
hj = 16/N , and kj = 64/N ). The rest of the parameters
are b = 100, � = 1. In the first scenario, the average and

Table 4. The effect of lead-time reduction on the
optimal cost.

Optimal Variant 1
k1 k2 k3 L1 L2 L3 cost heuristic cost

10 10 10 2 2 2 79�89 80�03
2 2 0�5 77�60 77�60
2 0�5 2 68�85 68�86
0�5 2 2 59�74 59�85

10 10 100 2 2 2 99�48 99�48
2 2 0�5 97�78 97�78
2 0�5 2 88�42 88�42
0�5 2 2 79�31 79�31

10 100 10 2 2 2 102�96 103�14
2 2 0�5 100�90 101�07
2 0�5 2 92�59 92�73
0�5 2 2 65�88 65�88

100 10 10 2 2 2 104�90 104�97
2 2 0�5 102�76 102�76
2 0�5 2 94�31 94�31
0�5 2 2 85�70 85�70
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Figure 1. The lower-bound cost and the heuristic cost
generated from the Variant 1 approach for
Group 3 examples.
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maximum percentage gaps are 0.54% and 1.48% (N = 64),
respectively, whereas in the second, they are 1.72% and
2.96% (N = 64), respectively. We observe that the percent-
age error increases in N . We conjecture that this observa-
tion resulted from the comparison of our heuristic cost with
the lower-bound cost. Overall, the heuristic performs effec-
tively when N is large. Figure 1 shows the heuristic cost
with respect to N .

4. Discussion
The above numerical study indicates that the heuristic is
near optimal. Thus, we can use it to develop insights for
managing the model under consideration.

(1) The heuristic suggests that the base quantity is
jointly determined by the fixed order costs and holding
costs of the stages in a cluster. Thus, to reduce the base
order quantity in a location, it is not sufficient to consider
the costs within that location only.

(2) There are 16 instances where percentage errors are
larger than 2.5% for Variant 1 in Group 1. The parame-
ters for these instances are k1 = 10, k2 = 100, k3 = 100,
h1 = 0�1, h2 = 0�1, h3 = 1, Lj = 0�5�2, j = 1�2�3, and
b = 10�50. Consider the case with L1 = 0�5, L2 = 0�5,
L3 = 2, and b = 50. In this case, the percentage error
is 3.60%. Based on our clustering scheme, we have
c�1�= �1� and c�2� = �2�3�. The heuristic order quan-
tities are �Qs1�Q

s
2�Q

s
3� = �33�33�33�. However, the opti-

mal order quantities are �Q∗
1�Q

∗
2�Q

∗
3�= �44�44�44�. If we

group these three stages in the same cluster, i.e., c�1� =
�1�2�3�, the new heuristic order quantities are (44, 44, 44),
which are exactly the same as the optimal solution. Similar
results appear in the other instances. This observation sug-
gests that there may be a way of improving the suggested
clustering scheme.

(3) Scenario 2 in Group 3 indicates that it is more cost
effective to have a shorter supply chain, provided that∑N
j=1 kj ,

∑N
j=1Lj , and h′1 are fixed and kj , hj , Lj are all

equally distributed. This observation is different from those
related to the corresponding serial system without fixed
order costs or with known order quantities (Gallego and
Zipkin 1999, Shang and Song 2007), where optimal cost
decreases in N .

(4) Tables 3 and 4 compare several instances in Group 1.
In Table 3, we fix Lj = 2 and reduce the echelon holding
cost hj from 1 to 0.1. Similarly, in Table 4, we fix hj = 1
and reduce the lead time Lj from 2 to 0.5. We observe that
it is more effective to reduce the echelon holding cost at
an upstream stage or reduce the lead time at a downstream
stage. This observation is consistent with the findings in
Shang and Song (2007).

(5) From Tables 3 and 4, we conclude that reducing
fixed order cost at a downstream stage is more effective
than at an upstream stage.

(6) We observe that the property of insensitivity of order
quantity to the optimal cost for a single-stage model is still
valid for the serial model (see Zheng 1992 for a discussion
of this property). For example, recall the instance men-
tioned in (2). Using the heuristic order quantity 33 instead
of the optimal order quantity 44 results in only 3.6% of
error.

(7) For an assembly system with the assumption that
base quantities do not decrease in their total lead times (the
sum of the lead times from the current stage to stage 1),
Chen (2000) shows that there exists an equivalent serial
system. Consequently, our heuristic can be used for such
assembly systems.

Appendix. Proof of Theorem 1
We prove this result by the implicit function theorem. For
simplicity, we assume that the demand is continuous and
the lead time is L. The average total cost for the single-
stage problem is

C�r�Q�= k�	+ ∫ r+Q
r

G�y�dy

Q
�
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where G�y� = h�y − E�D�L� + �b + h�
∫ �
y

P�D�L >
,�d,. Let r�Q� denote the optimal reorder point for
given Q. The optimal order quantity Q∗ satisfies the fol-
lowing equation:

Q∗G�r�Q∗�+Q∗�− k�	−
∫ r�Q∗�+Q∗

r�Q∗�
G�y�dy = 0� (4)

Define v= k/h, (= b/h, and f �y�(�= y−E�D�L+�1+
(�

∫ �
y

P�D�L > ,�d,. Then, Equation (4) can be expressed

as h�Q∗f �r�Q∗�+Q∗�− v�	+ ∫ r�Q∗�+Q∗
r�Q∗� f �y�w�dy�= 0.

Define

H�Q�v�(�=Q∗f �r�Q∗�+Q∗�− v�	
+
∫ r�Q∗�+Q∗

r�Q∗�
f �y�w�dy�

0H/0v=−�	, and 0H/0Q∗ =Q∗�r ′�Q∗�+ 1�f ′�r�Q∗�+
Q∗�(�. From Zheng (1992), −1 < r ′�Q∗� < 0, and
f ′�r�Q∗�+Q∗�(� > 0. Thus, 0H/0Q∗ > 0. Together, we
have 0Q∗/0v > 0.
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